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Abstract. In his 1972 paper, John Lamperti characterized all positive self-similar Markov pro- 
cesses as time-changes of exponentials of Levy processes. In the past decade the problem of 
classifying all non-negative self-similar Markov processes that do not necessarily have zero as a 
trap has been solved gradually via connections to ladder height processes and excursion theory. 
Motivated by the recent article 1131 . we classify via jump- type SDEs the symmetric real- valued 
self-similar Markov processes that only decrease the absolute value by jumps and leave zero 
continuously. 

Our construction of these self-similar processes involves a pseudo excursion construction and 
singular stochastic calculus arguments ensuring that solutions to the SDEs spend zero time at 
zero to avoid problems caused by a "bang-bang" drift. 

1. Introduction and Main Results 

1.1. The Classification Problem for Self-Similar Markov Processes. Dating back to Lam- 
perti's seminal article [2^, the study of self-similar Markov processes (originally called semi-stable 
processes by Lamperti) with values in a subset of M has attracted a lot of attention. In what 
follows, we will only discuss self-similar Markov processes in = R and E = [0, oo) and denote 
by D the space of cadlag functions w : M+ E (right continuous with left limits) endowed with 
the Borel sigma-field V generated by Skorokhod's topology. A strong Markov family {P^)zeE on 
(D,2?) is called self-similar if the coordinate process Zt{uj) := u){t),t > 0, fulfills the following 
scaling property: 

the law of (c"^Zct)t>o under P'- is P^"''^ (1.1) 

for all c > and z £ E. Typically, a more general self-similarity definition is given, replacing the 
power —1 by —a for some a > 0. In this treatment we fix without loss of generality the index of 
self-similarity a = 1 since the change between index a and 1 can be performed by taking the power 
Z^/°-. We will say that Z (or alternatively the law {P^)zeE) is a 

• positive self-similar Markov process it E — [0, oo) and Z is trapped at zero, 

• non- negative self-similar Markov process if i? = [0, oo), 

• IR\{0} =: M* -valued self-similar Markov process if = M and Z is trapped at zero, 

• real-valued self-similar Markov process if = M. 

According to this definition, a positive self-similar Markov process is not really a positive process 
but the above classification seems to be the most rigorous to separate the appearing cases. Note 
that, if To — inf{t > : Zt = 0} denotes the first hitting time of zero and {Zl)t>o := {Zt/\To)t>o 
the process obtained from Z by absorption at 0, then in our notation a non- negative self-similar 
Markov process contains a positive self-similar Markov process and analogously a real- contains an 
M*-valued self-similar Markov process. 

We are interested in the following problem: 

Problem. Classify all positive, non-negative, M*- and real-valued self-similar Markov processes. 
The first three instances of the problem have been resolved and only the last remains open. 
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(I) Lamperti's Classification of Positive Self-Similar Markov Processes. The fundamental result 
in the classification theory of self-similar Markov processes is Lamperti's representation obtained 
in [37]. Lamperti showed that there is a bijection between positive self-similar Markov processes 
and Levy processes, possibly killed at an independent exponential time C- For a Levy process ^, 
Lamperti's representation of positive self-similar Markov processes takes the form 

Zt = zexp {^r{tz-r)), 0<t<To, (1.2) 

where the random time-change is given by the generalized inverse of the exponential functional of 
^, that is 

T{t) := inf |s > : ^ exp (^^) dr > t|. 

It is important to add that Tq is finite almost surely for all initial conditions z > precisely if ^ 
drifts to —oo and in this case t{Toz~^) = oo. Consequently, if we suppose that ^ is set to —oo 
at the killing time (, then Equation (jl.2p is equally valid for t > with Zt = for any t > Tq. 
A consequence of Lamperti's representation is that the Feller property holds on (0, oo) for any 
non-negative self-similar strong Markov process. 

Example 1.1. The only positive self-similar Markov processes (with self- similarity index a ~ I) 
with continuous sample paths are solutions to the stochastic differential equations (SDEs) 

Zt = adt-\-a^/z'tdBt, t<To, (1.3) 

for a G K, cr > 0. Their Lamperti transformed Levy processes are S,t — {a — ^)t -f aBf. 
Lamperti's representation was successfully applied for the study of stable Levy processes since it 

allows via the identity Tq = exp(^r) dr the study of the exponential functional of a Levy process 
via the first hitting time of a self-similar process. For the use of Lamperti's transformation for the 
study of the maximum of stable Levy processes we refer for instance to Patie |29j or Kutznetsov 
and Pardo [26 and references therein. 

(II) Classification of Non- Negative Self-Similar Markov Processes. We mentioned above that a 
non-negative self-similar Markov process Z contains a unique positive self-similar Markov process 
Z^ by absorbtion at zero. As a consequence, the classification problem for non-negative self-similar 
Markov processes is equivalent to finding all self-similar extensions of positive self-similar Markov 
processes. The task has been resolved in recent years; first, if the corresponding Levy process ^ 
drifts to — oo (i.e. Tq < oo a.s.), and later if ^ fluctuates or drifts to -l-oo (i.e. Tq = oo a.s.). 

It has first been proved independently by Rivero [32] , [33] and Fitzsimmons that positive self- 
similar Markov processes that hit zero in finite time can be extended uniquely to a non-negative 
self-similar Markov process that leaves zero continuously if and only if the Cramer type condition 

there is a < 6* < 1 such that *(6') = (1.4) 

holds. Here, and in what follows, whenever well-defined 

^-(61) =logi;(e'^«i;C > 1), 6* > 0, 

denotes the Laplace exponent of the Levy process ^ (killed at ^) that occurs in Lamperti's rep- 
resentation. The proofs of Rivero and Fitzsimmons are based on Blumenthal's general theory of 
Markov extensions developed in [10] . 

For positive self-similar Markov processes not hitting zero in finite time, the classification problem 
is to give conditions when (and how) the family {P^)z>o can be extended continuously to z = 
so that the extended process remains self-similar and leaves zero. This challenging question was 
answered subsequently in Bertoin and Caballero [5 , Bertoin and Yor [7] , Caballero and Chaumont 
[T^ and Chaumont et al. [13]: The law {P^)z>o of a positive self-similar Markov process extends 
continuously to initial condition z = if and only if 

the overshoot process (^t^ — x)x>o converges weakly as a; — )■ oo. (1-5) 
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If the overshoot process does not converge, then the laws converge, as z — 0, to the degenerate 
law concentrated at +00. 

The necessity of Condition (11.51) is relatively easy to prove and the main difficulty lies in the 
construction of P" if Condition (|1.5p is valid. For the simplest construction of the non-degenerate 
limiting law P° via Levy processes started from —00, we refer to Bertoin and Savov 6 . A jump- type 
SDE approach which motivated the present article was developed in [17] . 

1.2. (Ill) Classification of R*-Valued Self-Similar Markov Processes. In contrast to self- 
similar Markov processes with non-negative sample paths, less is known about the classification 
of self-similar Markov processes with real-valued sample paths. The analogue to Lamperti's rep- 
resentation, called Lamperti-Kiu representation, has recently been proved in Chaumont et al. |13| 
completing earlier work of Kiu [23] , [5S] and Chybiryakov [TS] . To the best knowledge of the author 
the classification of real- valued self-similar Markov processes that leave zero remains open. 

The main idea of the Lamperti-Kiu representation is as follows: due to the assumed cadlag property 
of sample paths, the times 7J„ of the n-th change of sign 



can only accumulate at Tq. In the random intervals [Hn, Hn+i) the real- valued self-similar Markov 
process reduces to a strictly positive or strictly negative self-similar Markov process to which 
Lamperti's transformation can be applied and leads to two (possibly different) sequences ^+'" 
and of Levy processes. Using the strong Markov property of Z, independence of the sequence 
^±,11 follows so that the Lamperti-Kiu representation is obtained by glueing a sequence of Lamperti 
representations. A crucial additional ingredient are jumps ^Zh„ that determine the random initial 
condition for the positive/negative self-similar Markov processes on [i?„,7J„+i). Again by the 
strong Markov property it was shown that those jumps are independent and the rate of their 
occurrence is determined by a random time-change as in Lamperti's representation ()1.2|) . Loosely 
speaking, the time-change accelerates all jumps with a rate l/\Zs~\ and, consequently, Z changes 
sign infinitely often before and after touching zero. The jumps ^Zh„ add many difficulties to 
the classification and prevent a straight forward adaption of arguments developed for positive 
self-similar Markov processes. 

Our main results are for symmetric real-valued self-similar Markov processes, that is the law of 
— Z under is P~^ . In the symmetric case the Lamperti-Kiu transformed Levy processes satisfy 

A formal description of the Lamperti-Kiu representation is rather unpleasant since the change of 
sign is coded in the underlying Levy process via an additional complex direction. We follow a 
different approach based on jump-type SDEs that seems to be more tracktable. 

Notations. Solutions to SDEs are always considered on a stochastic basis {n,Q,{Qt)t>o, P) that 
is rich enough to carry all appearing Brownian motions and Poisson point processes and satisfies 
the usual conditions. All SDEs are driven by a (Qt) -standard Wiener process B and an indepen- 
dent {Qt)-Poisson random measure M . We will use weak solutions, i.e. {Qt)t>o adapted stochastic 
processes {Zt)t>o with almost surely cadlag sample paths that satisfy an SDE in integrated form 
almost surely. If additionally Z is adapted to the augmented filtration generated by B and M, then 
Z is said to be a strong solution. Pathwise uniqueness holds if for any two weak solutions defined 
on the same probability space with the same standard Wiener process and Poisson random measure, 
they are indistinguishable. In several SDEs the sign-function 

sign(a;) := l{j;>o} - i{x<o} 

is used. We say a stochastic process Z does not spend time at zero if almost surely 



Ho = 0, Hn = mi{t > Hn-i : ZtZt- < 0} 



n > 1, 



(1.6) 
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Here is a reformulation of the main result of [T3] via jump-type SDEs which we only state for 
symmetric -valued self-similar Markov processes with the additional assumption 

(A) < Vs > 0) = 1, zeR*. 

Assumption (A) excludes the possibility that jumps of Z increase the absolute value or, equiv- 

alently, that the Levy processes — of the Lamperti-Kiu representation have positive 

jumps. A general non-symmetric version without Assumption (A) is given below in Proposition 
[Q 

Proposition 1.2. (I) There is a bijection between symmetric M^-wa/tted self-similar Markov pro- 
cesses satisfying Assumption (A) and quintuples {a,a^,Il,q,V) consisting of 

• a triplet (a, ct^, 11) of a spectrally negative Levy process killed at rate q with Laplace exponent 

• a finite measure V{du) on [—1,0). 

(II) For a quintuple {a,a^ ,Il,q,V) a symmetric real-valued self-similar Markov processes issued 
from z G can be constructed as strong solution to 

Zt^ z + + f {u-l)V{du)] f sign(Z,)ds + a / ^/\z7\dBs 

\ J-l / Jo Jo , ^ 

+ / Zs-{u - l){J\f ~ J\f')(ds,dr,du) 

Jo Jo J-1 

for t < Tq. Here, B is a standard Brownian motion and M is a Poisson point process on (0, oo) x 
(0, cxi) X [—1,1] with intensity measure M' {ds, dr, du) — ds ® dr ® H[du) according to the piecewise 
definition 

• n|^p ^{du) is the image measure under 9 u i— )■ e" of II, 

• n({0}) = q, 

. U^^_^^^^idu) = V{du). 

Let us briefly explain the ingredients of the jump-type SDE (jl.7p . Comparing with Example 1 1.1 1 the 
so-called "bang-bang" drift and the Brownian part might be not surprising since in the intervals 
[H,i, Hn+i), the restrictions of Z (resp. -Z) have to be positive self-similar Markov processes. The 
jumps of the Poissonian integral are such that 

Zs-^ Zs-+Z,^{u-1) = Zs-u, (1.8) 

and u is chosen according to the measure n which looks a bit complicated. We chose this formulation 
since it allows us to explain the three occurring jump possibilities for self-similar Markov processes 
with only one stochastic integral: 

• If M > 0, then Z does not change sign and consequently these are the jumps corresponding 
to a piecewise Lamperti transformation in [_ff„, i?„+i). If the Levy measure 11 is infinite, 
then also n is infinite with a possible pole only at 4-1 so that small jumps (i.e. AZg « 0) 
accumulate. 

• If u = 0, then Z jumps to zero which is equivalent to a jump to —oo (killing) for the Levy 
process in Lamperti's representation (|1.2[) . 

• If M < 0, then Z changes sign and the jump-times are precisely the H„ from (|1.6p . The 
finiteness of the intensity measure V{du) is equivalent to the non-accumulation of iJ„ away 
from Tq. 

The dr- integral is included to dynamically accelerated the jump rate by l/\Zs-\- Hence, on the 
zero set of solutions all jumps come with infinite rate and the jumps not changing sign even with 
"double-infinite" rate if H is infinite. Such explosions of the jump rate are the main difficulty of 
the SDE (|1.7p when studied for alH > or issued from z = 0. 
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Definition 1.3. (a) For a symmetric self-similar Markov process the quintuple (a, cr^, 11, V) 

appearing in Provosition (or appearing equivalently in the Lamperti-Kiu representation of [13) ) 
is called the corresponding Lamperti-Kiu quintuple. 

(b) A quintuple (a, (7^,11,(7, V) is called the Lamperti-Kiu quintuple of a symmetric real-valued self- 
similar Markov process if it is the Lamperti-Kiu quintuple for the W^-valued self-similar Markov 
process obtained by absorption at zero. 



1.3. Main Result. The striking feature of the SDE (|1.7p compared to the time-change Lamperti- 
Kiu representation is that the form of possible extensions after hitting zero can be guessed imme- 
diately. If possible, they should be solutions to the same SDE for all i > 0. Here is the main result 
of this article: 

Theorem 1.4. (I) There is a bijection between symmetric real-valued self-similar Markov pro- 
cesses that leave zero continuously and satisfy Assumption (A) and quintuples {a,a^,Il,q,V) con- 
sisting of 

• a triplet (a, ct^, 11) of a spectrally negative Levy process killed at rate q with Laplace exponent 

• a finite measure V{du) on [—1,0) 
that satisfy 

*(l) + y" {\u\~l)V{du)>0. (1.9) 

(II) For a quintuple (a,cr^,n,q, V) as in (I) a symmetric real-valued self-similar Markov processes 
that leaves zero continuously and is issued from z g R can be constructed as weak solution to the 
SDE ([HZl) for t > 0. 

The necessity of Condition (|1.9p can be found easily by a reduction to Condition (|1.4p for positive 
self-similar Markov processes. The difficult part of the proof is a construction of a real-valued 
self-similar Markov process with Lamperti-Kiu quintuple (a, cr^, 11, q, V) whenever Condition (|1.9p 
is valid. Our reformulation of the Lamperti-Kiu representation given in Proposition 11.21 turns 
out to be useful since it gives flexibility for the construction via approximation procedures and 
semimartingale calculus. The approximation is rather non-standard (and might remind the reader 
to constructions of skew Brownian motion) since the non-continuity of the " bang-bang" drift causes 
problems in weak convergence arguments. Limiting points of the approximating sequences might 
become trivial (trapped at zero) and it is precisely Condition (|1.9I) that ensures this is not the 
case. 

Remark 1.5. It is surprising that Condition (|1.9p is sufficient for the existence of solutions to 
the SDE (|1.7p that leave zero. Since does not depend on V, the quintuple (a, cr^, H, q, V^) can be 
chosen such that 

*(!)+ / {u-l)V{du) \ <0< f*(l)+ / {\u\^l)V{du) 



Then the SDE has martingale terms that vanish at zero and a drift that points towards the 

origin. In such a situation it is impossible to find non-negative solutions to SDEs since positive 
martingales are absorbed at zero. Real-valued solutions, however, can exists. Precisely the jumps 
crossing the origin cause this effect; ifV = solutions can leave if and only if the drift points away 
from the origin. 

It is important to note that the SDE (jl.7p behaves very differently at zero and away from zero. 
Away from zero the coefficients are locally Lipschitz continuous so that pathwise uniqueness holds 
and strong solutions exist. Only when solutions touch zero the drift and the jumps are problematic. 
Consequently, the main task of the proofs is to give a construction and uniqueness statement for 
solutions issued from zero. 
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1.4. Connection to Other Self-Similar SDEs. Theorem 11.41 extends the results of [T^ ob- 
tained for positive self-similar Markov processes with an assumption similar to Assumption (A). 
The techniques utilized here need to be different from those of [T7] since the drift coefficient is 
discontinuous so that standard arguments for SDEs do not apply. In particular, solutions to (jl.7p 
are constructed even if the drift points towards zero which forces us to leave classical arguments 
in the spirit of Yamada and Watanabe and combine more specific stochastic calculus arguments 
with general martingale problem techniques. The main result of (17) was stronger in the sense that 
pathwise uniqueness could be proved for their SDEs and solutions are automatically strong. Con- 
sequently, the constructed non-negative self-similar Markov processes are deterministic functionals 
of a Brownian motion and a Poisson point process so that we can speak of a strong classification. 



Remark 1.6. Possible uniqueness statements for the SDE ()1.7p issued from z ~ need to be in 
a restricted sense as one can see at the simplest special case 

dZt = sign(Zt) dt + 2y^\dBt, Zo = 0. (1.10) 

Given a Brownian motion W , then three weak solution to the SDE (jl.lOp can be defined explicitly: 

Z['^ = sign{Wt)Wl Z\^^=WI Zf^^-Wl 

Of course, already the one- dimensional marginal distributions differ for the Z*^*^ . Nonetheless, 
restricted to symmetric solutions (this rules out Z*-^^ and Z^^^ ) one can easily deduce the uniqueness 
for the one- dimensional marginals. Tanaka's formula applied to (ll.lOp shows that the absolute value 
of any solution satisfies 

Xt=t + 2 f y/xldBs. (1.11) 
Jo 

Now uniqueness for (|l.lip implies uniqueness for the absolute value of solutions to (|1.10p . hence, 
uniqueness for one- dimensional marginals of symmetric solutions. 

The simple example shows that the best possible uniqueness statement for solutions to the SDE 
(|1.7p is pathwise uniqueness among symmetric solutions. 

There might be more sophisticated arguments that yield pathwise uniqueness among symmetric 
solutions, such as the arguments developed in Bass et al. [11] for the self-similar SDE 

dZt^\ZtfdBt, t>0, (1.12) 

for /3 < 1/2. They work under the restriction to solutions that do not spend time at zero, a 
property which is also crucial in all our arguments. Note that the index of self-similarity of (|1.12p 
is a = 2-^2p *^ ^ ^^"^ ^^"^ Holder continuity of the coefficient becomes worse when the self-similarity 
index decreases. For the classification problem of real- valued self-similar Markov processes the 
assumption a = 1 could be imposed without loss of generality but it would be interesting to see if 
pathwise uniqueness among symmetric solutions holds for the generalized version of the SDE (|1.7p 
that should describe all symmetric real-valued self-similar Markov processes of index a: 

Zt^z + a f \Zs\^-^ dBs+ (•^{a)+ [ {u-l)V{du)\ f sign(Z,)zi~" ds 

Jo \ J-oo / Jo 

Z,.{u-l){Af -M')ids,dr,du), 

with the same definitions as in Proposition 11.21 This generalization of p.7p can be derived from 
the Lamperti-Kiu representation as we do in Section [^TT] for the special case a = 1. For the drift 
and diffusive coefficients the self-similarity index a — I separates between a regime of Holder 
continuity (a > 1) and a regime with singular drift (a < 1). Moreover, for all a > we find lack of 
monotonicity in the Poissonian integral and it seems that this terms forces the biggest troubles. 
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Organization of the Article. In Section \TJ\ we prove the jump- type SDE reformulation of the 
Lamperti-Kiu representation for real- valued self-similar Markov processes. The proofs are given for 
the more general setup without symmetry and without the Assumption (A). The construction of 
solutions to (|1.7p that leave zero is presented in Section [521 Self-similarity and the strong Markov 
property are deduced from moment equations which imply uniqueness of one-dimensional marginals 
for solutions to the SDE (11.71) . Finally, the link to the classification problem of self-similar Markov 
processes is given in Section 12.31 



2. Proofs 



2.1. Lamperti-Kiu Representation via Jump- Type SDEs. We now state and prove a jump- 
type SDE formulation of the Lamperti-Kiu representation in the general case. 

Proposition 2.1. (I) There is a bijection between M.^-valued self-similar Markov processes and 
two quintuples {a+,a'^,Il+,q+,V+) and (a_ , , n_ , , ) consisting of 

• two triplets (a±,cr±,n±) of Levy processes killed at rates q± with Laplace exponents 

• two finite measures V±{du) on (— oo,0). 

(II) Given two quintuples {a±,aj_,Il±,q±,V±), a real-valued self-similar Markov processes issued 
from z € M* can be constructed as strong solution to 



Zf = z - 



\u\<l 



e" - 1 - u)n+(dw) / l[z,>o} ds + a+ ^/\Zs\l{z,>o} dB+{s) 



"'0 

t 



(l/e,e) 



'^{Zs->o}Zs-{u- l) J\f+{ds,dr,du) 



Jo 



l/e 



'^{z,->o}Zs-{u - l) (7V+ -J\f+'){ds,dr,du) 



\u\<l 



e"-l-u)n_(du) / l{z^<o}ds + a_ / Vl^s|l{z.<o} rf^-G^ 



^0 

t 



l{z,_<o}2's-(u - l) J\f-{ds,dr,du) 



Jo Jl/e 



l{z,_<o}^s-(w- 1) {J\f--J^J){ds,dr,du) 



t < T, 



0- 



Here, B± are standard Brownian motions and A/± are independent Poisson point processes on 
(0, oo) X (0, oo) X (— oo, oo) with intensity measure Af^ (ds, dr, du) = ds ® dr ® Ii± (du) according to 
the piecewise definition 



• nj*^ (du) are the image measures under R 3 u i— >■ e" ofIl±, 

(O.oo) 

• n±({o}) = g±„ 

• nf (du) = V±(du). 

I (-00,0) 

Before proving the proposition, let us quickly consider part (II) for two special cases. 

Example 2.2. With the choice z > and 

{a+,al,U+,q+,V+) = (a, cr^, H, g, 0) 
(a_,cr2 ^n_,q_,F_) = (0,0,0,0,0) 



(2.1) 
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zero is not crossed and, dropping the subscripts, the SDE simplifies to 

^2 



~2 



[ {e" -l-u)nidu))t + a [ y%dB{s) 



Jo JR+\{e 
t 



Zs~ {u — l) N{ds, dr, du) 



Zs-{u-l){N -N'){ds,dr,du), t<Ta. 

Under the additional assumption /jj^^jg-i g-j ('^ ~ 1) n(c?u) — J|„|>]^(e" ^ l)Il{du) < oo one can 
use the Levy-Khintchin representation to simplify by adding and subtracting the finite compensator 
integral to get 

Zt = z + l'(l) t + a [ y/zldBs 

(2.2) 

Zs-{u-l){U - M'){ds,dr,du), t<To. 



Jo 



The SDE (j2.2p was already derived in |17| as reformulation of Lamperti 's transformation for pos- 
itive self-similar Markov processes; strong existence and pathwise uniqueness for t > was proved 
in |17j and also by Li and Pu |28] . 

The next example shows that Proposition II .21 is a special case of Proposition 12. II noting that (|2.3p 
holds trivially if 11 is concentrated on [—1,1]. 

Example 2.3. Let us assume the symmetry 

(a+,cr+,n+,g+, V+) = (a_ , cr?. , n_ , , y_ ) 

and 

I (e" - l)n±(dM) + /" uV±{du)<oo. (2.3) 

J|m|>1 J-oo 

The noises B±, A/± can be replaced in this special case by B,J\f due to the symmetry assumption 
and the independence of increments. Adding and subtracting the compensator integral as in Example 
\EM yields the SDE p^T]) . 



Proof of Provosition [K7[ To safe notation, let us assume throughout the proof z > 0; for z < 
the arguments follow the same lines interchanging odd and even. 

We start with a reminder of the main result of [13] : the Lamperti-Kiu representation formulated as 
time-changed exponential of a complex-valued Levy process. Let be real- valued Levy processes 
with triplets (a±,(Tj.,n±) killed at rates q± (formalized here as jump to — c» without causing 
technical complication since the process will be absorbed at the first occurrence) as in the for- 
mulation of the proposition, exponential random variables with parameters p± = V± (M) . If 
we denote (without confusion) by V± equally negative random variables with probability distri- 
bution V±{du)/V±{R), then U"^ :— log(|V±|) are real-valued random- variables (for the trivial case 
V±(M) = we define — 0). Further, suppose that , are independent. We consider the 

sequence {{Sf' ,C^'^ ,U'^),k > O) given by 



^^+,fc^ (■+,k^ U+,k^ . ^ gygj^ (including k = 0), 
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where , (^'^ lU^'^) ^ i^^X^iU^) are independent. Let {Tk,k > 0) be the sequence defined 

by 

ri-l 

To = 0, ^„ = ^C^ n>l, 

and {Nt,t > 0) the alternating renewal type process 

Nt = niax{n > : T„ < i}. 

For simplicity, the abbreviation 

is used. With the notation, the Lamperti-Kiu representation becomes 

Zt = zexp{£^(tl^l-i)), t<To, (2.5) 

where 

Nt-l 

fe=i 

and 

T{t) inf ^s>0:J^ \ exp {Sr) \dr > 

Theorem 6 of [T3] states that (|2.5I) defines an -valued self-similar Markov process issued from z 
and conversely every -valued self-similar Markov process can be represented via (|2.5p with two 
quintuples as in the statement of part (I) of the proposition. Recall that throughout this article 
we suppose the index of self-similarity is 1. 

Note that, if = then Nt = 0, at = t and (12. 5p simplifies to Lamperti's representation (|1.2p . 

The rest of the proof is concerned with part (II), the reformulation of (|2.5p via jump- type SDEs for 
which the Levy-Ito representation is applied to the occurring Levy process Since the sequence 
of Levy processes is independent and runs on disjoint time-intervals the same driving noises can 
be used for all fc > 1. The occurring Brownian motions are denoted by Wj. and the Poisson point 
processes with intensities ds (X) n± (du) by A/± . Recall that the killing is included by atoms at — oo 
with weights q±. Additionally, since the jumps in imaginary direction and U^''' come at same 
times, they can be added according to Poisson point processes Ai]. on (0,oo) x M with intensity 
measures A4}j.' {ds , dv) —p^ds® U^{du), where U^{du) denotes the probability law of . Since 
{du) is a probability measure the jump-rate of \s p±. The Levy-Ito type representation for 
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£ can now be written as 



+ 



a+ / l{/m(£a) even} + / {I m{£ s) even} dW\{s) 

Jo Jq 



^{Im,(£s-) even} ^ 
"'|«|<1 

t 

l{/m(f,_) even} {u + iTT) M\{ds, du) 



J\u\>l 



cvcn}UJVl{ds,du) 



/ l{/m(£0 odd} + (T_ / 1 {I m{£s) odd} dW^{s) 

Jo Jo 



l{/m(i:,_) oddiwlA/"! -7Vl')(ds,du) + 

/O ^|m|<1 

+ / / l{/m(f,_)odd}(u + «7r)Xi((is,dM) 



"'|n|>l 



l{/m(f,_) odd}uA/'l(ds,d'u) 



with the convention is even. If now we set ryt = zexp(£t), apply Ito's lemma and use 



l{/m(£a) even} — l{i7s>0}i 



l{/m(£3) odd} — l{r)3<0}i 



then we obtain 



a+ / Vs'i-{,,.>Q}ds+^ l{,,,>o}'7s«^s + cr+ / 77a{,,,>o} '^W'Ks) 
^0 ^ Jo Jo 



"'|ti|<l 

t 



J|u|>l 



l{,,,->o}??s-(e'' - l)j\fl{ds,du) 



Mvs->o}V.-{e^ - 1) (A/"! -Ml'){ds,du) + 

[ I l{,,,>o}?ys-(e"-l-u)dsn+(fiu)+ /" ( r],_l{rj^_>Q}{- e'' - I) M\{ds,du) 
Jo J\u\<l Jo Jr 

/ Vs^lruKO} ds + ^ l{^^<o}?7sds + Cr_ / Ty^ <o} ^W^- (s) 

■/o ^ -/o Jo 

l{r,.-<o}^.-(e" - 1) (AAl - AAl')(ds,dii) + 



J|u|<l 
t 



J|«|>1 



l{^,-<o}?/s-(e" - l)7Vl(ds,du) 



+ // l{„_<o}r/._(e''-l-M)dsn_(dM)+ / / l{„_<o}77.-(-e"-l)XL(ds,du) 

Jo J\u\<l Jo JR 

To incorporate the time-change r we follow closely the arguments of Proposition 3.13 of [17 1 for 
the special case (12. ip . Since the arguments are almost identical, we refer for the verification of 
intermediate steps to the careful treatment in jl7) . 

Let us first denote by A„)„gN an arbitrary labeling of the pairs associated to jump times and 
jump sizes of (fT(tz-i))(g[o To) ^^'^ more precisely by A^)„gN the subset of jumps due to J\f^ 
and by (tn, A^)„gN the subset of jumps due to A^*. We can assume that we are given additionally 
independent Wiener processes {W±{t))t>o, Poisson random measures V]. on (0, oo) x (0,oo) x R 
with intensity measure ds (8) dr (g) Il{du) and Poisson point processes Vj. on (0, oo) x (0, oo) x M 
with intensity measure p±ds (E) dr (E) U^{du) that generate a filtration {Ht)t>o- Additionally, we 
choose an independent sequence of random variables (-Rn)rieN uniformly distributed on (0, 1) such 
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that R„ is -measurable and independent ofHt,^^ and define 

Wl{t)= f\ign{Z,)y/\z7\dWl{T{.s\z\-')) + f\iz^=o}dW±is), 
Jo Jo 

oo 

AfliA, X ^2 X A3) = ^ l{^^xA.xA3}((i«,i?«/l^t„-l, A±)) 

71=1 

+ / / / (l{r|2=-|>i} + l{2=-=o})^±(rfs,dr,du), 

J Ai J A2 J A3 

00 

Mi{A, X X A3) = ^ l{A,xA,xA3}iitn,Rn/\Zt^-\,2^i)) 
n=l 

+ / / {^{r\z,^\>i} +'i-{z,^=o})'P±ids,dr,du), 

J Ai J A2 J A3 

for all Ai,A2 G S((0,oo)) and A3 E B{M^). It now follows from Levy's characterization that the 
are Ht-Brownian motions: 

{Wli-))^= f \Z,mz^^o} dTis\z\-') + f l{z.=o}rfs= / l{z,mds+ f l{z,=o}ds = t. 
Jo Jo Jo Jo 

Furthermore, to show that the Af^ are "Hj-Poisson point processes with intensity measures dt (g) 
dr (8) ll±{du). Applying Theorems 11.1.8 and II. 4. 8 of [22], we need to verify 

/ / H{s,r,u)Afl{ds,dr,du)] = E ( / H{s,r,u) ds drU±{du)] (2.6) 

Jo Jo JR J \Jo Jo JR J 

for every non- negative predictable function H on fix (0, 00) x (0, 00) x R. By the definition oi Af±. 
we can write 

/ /"OO /•oo /• N 

e( / / H{s,r,u)J\fl{ds,dr,du) 



JO 



El^^H{tr„Rn/\Zt^-\,A^)j (2.7) 
+ J J^H{s,r,u){l[r\z^^\>i} + i{z^.^=o})Vi{ds,dr,du) 



To express the first summand we apply Theorem II. 1.8 of Jacod and Shiryaev [22j to the non- 
negative predictable function 

H{s,r,u) H{s,r/\Zs-\,u), s > 0, r > 0, u £ K, 

and the Poisson random measure on (0, 00) x (0, 00) x M defined by 

CXD 

P^Ai X A2 X A3) := ^lAixA.xA3((in,i?„,A„)), Ai,A2 eS((0,c5o)), A3 S 

n=l 

to obtain 

/•oo poo 



^^i?(t„,i?„/|Zt„J,A„)j =Ei^J^ 



H{s, r, u) V^lds, dr, du) 



^e([ [ [ H{s,r/\Z,_\,u)dT{s\z\-^)drU{du) 

yjo Jo jR J 

where the second equality holds since, by construction, the compensator measure of 7^^ is 

'^{o,To){s)'i-{o,i){r)dT{s\z\^^)drU{du). 
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Utilizing a change of variable in the second coordinate of H, we can further simplify the right-hand 
side to 



E 



J^' J^j^^His,r/\ZUu)dsdrIl{du)^ 

( fTo /.l/IZ.-l f \ 

^eIJ J J H{s,r,u)dsdrU{du)j . 



Similarly, applying Theorem II. 1.8 of Jacod and Shiryaev [22] to V^-, the second summand of the 
right hand side of (|2.7p equals 

^(f I f H{s,r,u){l{r\z^_iyi} + l[z^_^o})Vi{ds,dr,du)] 
\Jq Jo Jr / 

(/■To i-oo I- \ / /.oo POO p \ 

/ / H{s,r,u)dsdrU{du)] + E [ / H{s,r,u) ds drU{du) ) . 

Jo Ji/\z^\ Jr J \Jto Jo Jr J 

Adding the right hand sides of the above two equalities, by (|2.7p . we have (|2.6I) . 

Similarly, one can show that the A^j_ arc 'Hf-Poisson point processes with intensity measures 

p±dt®dr® U^{du). 

Plugging-in the new Brownian motion we obtain 
Jo Jo 



<y± f l{z,>o}V\z7\sign{Z,)^\z7\dWl{T{sz-')) 
Jo 

<^± [ l{z^>o}V\z7\dWl{s), t<To, 
Jo 



and analogously for the negative part. Comparing one-by-one the jumps of the Poisson point 
processes we also find, by construction of the new point measures, 

>o}'7s-(e" - l)Ml{ds,du) 



\u\>l 



[ l{z^_>o}Zs-{e''-l)^lids,dr,du), t<To, 

J\u\>l 



and 



Jo J\u\>l 

/ l{,_>o}77._(e'' - 1) {Ml -Ml ){d.s,du) 

"'I«I<1 



and 



l{z._>o}^s-(e" - 1) {Afl-Afl')ids,dr,du), t < To, 

\u\<l 



T{t\z\-^) 

i{vs->o}Vs-{ - e"" - I) M\{ds,du) 

[ l{z,_>o}Zs-{ - - 1) Ml{ds,dr,du), t<To, 
Jr 



10 Jo 

and analogously for the negative parts. Finally, ordinary change of time yields 

4 rw-r') 4 rt 



J Vs'i-{rjs>o} ds ^ — J l{Zs>o}ds, t<To. 
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Plugging-into the integral equation derived for 77, we find that Z satisfies 



+ 



^ "'|n|<l / "'0 h) 





t 



\u\>l 



Jo 
t 



\u\<l 



l{z^_>o}Zs- (e" - 1) Nlids, dr, du) 
l{z._>o}^.-(e"-l) {Ml -Nt){ds,dr,du) 



Jo 



l{z^_>o}Zs- ( - e" ~ 1) Mlids, dr, dv) 

^ J\u\<l / Jo Jo 



+ 



+ 



"'0 

t 



\u\>l 



l\u\<l 

Mzs-<o} Zs- (e" - 1) Ml {ds, dr, du) 



Jo 
t 



l{z.^<o}^s-(e" - 1) (Ml -Ml'){d.s,dr,du) 



|«|<i 



l)M'iids,dr,dv) 



, t<To. 



The final step is only for notational convenience: We change the coordinates for the jumps of 
Af^, Aij. in order to combine the integrals to integrals driven by Af± as in the statement of the 
Proposition. □ 

2.2. Construction of Real- Valued Self-Similar Processes. The aim of this section is to con- 
struct real-valued self-similar Markov processes that leave zero continuously with Lamperti-Kiu 
quintuple (a, cr^, 11, q, V) whenever Condition (II. 9p is valid. We construct a symmetric approximat- 
ing sequence for the martingale problem corresponding to the SDE (jl.7p and use moment equations 
of Bertoin and Yor [8] to show that limit points are Markovian and self-similar. 

Recall that for a generator A defined on a suitably chosen subset of the bounded and 

measurable functions B{M.) mapping R into M a stochastic process Z is said to be a solution to the 
martingale problem (A, v) corresponding to A with initial distribution v if for all / G ^^{A) 



Ml = f{Zt)- f Af{Zs)ds, t>0, 
Jo 



is a martingale and Zq is distributed according to v. The next proposition is standard; it is included 
for completeness and since the used estimates will appear several times in the sequel. 

Proposition 2.4. A stochastic process Z is a weak solution to the SDE (II. 7p issued from z € IR 
if and only if it satisfies the martingale problem {A,Sz) corresponding to the generator 

{Af)iz) := f + [\u~ iWidu)) sign(z)/'(z) + ^\z\f"{z) 

^ ^-^ ^ ^ (2.8) 

^{r\z\<i} f/M - /l-^) - - 1)) drll{du), z e M, 



/o J[-l,l] 

acting on the infinitely differentiahle functions with compact support (R) . 



14 



LEIF DORING 



Proof. Let us first suppose Z is a weak solution to the SDE (jl.7p . Applying Ito's formula with 
/ G C^(E) yields 

m/ = f{Zt) - /(z) - (^vl/(i) + J"^{u - l)V{du)^ f{Zs) sign(Z,) ds ~ ^ r{Z,)\Zs\ds 



t /'Oo />! 



"'0 ^-1 



{f{Zs + l{r\Zs\<l}Zs{u - 1)) - f{Zs) - f{Zs)l{r\Zs\<l}Zs{u - 1)) ds dr U{du) 



= f{Zt)-f{z)- / 
Jo 

is a local martingale, where 

Ml = a f f{Zs)^\dB, 
Jo 



t />00 f 1 



JO 



lir\z,_l<i}{f{Zs- + Z,-{u- 1)) - ,f{Zs-)){M - M'){ds,dr,du). 



Moreover, it is easy to see that M-^ is a true martingale. Indeed, by Theorem 51 of [30] it suffices 
to verify i?[supj<jn |M/|] < oo for all T > 0. Applying the Burkholder-Davis-Gundy inequaliy 
(for the non-continuous martingale see [TB], p. 287) and the simple estimate E[auY>f<:x \-^t\] — 
1 + ^^[supj^y l-^^/P] , we obtain 



i;[sup|M/|] < 1 + 20-2^; 



sup 

t<T 



2E 



sup 

t<T 



f f'{z,),/\zr\dB, 

Jo 

(f{Zs- + Zs-{u - 1)) - f{Z,-)) {Af - Af'){ds, dr, du) 
1.11 ^ ^ 



<l + CE 
+ CE 



Jq "'[-14] 

/ f'{Zs)^\Zs\ds 
Jo 



^/(Z, + Z,(u-1))-/(Z,)J dsdrUidu) 
By Taylor's formula and the boundedness of /' we find the upper bound 

£;[sup|M/|] < 1 + (sup/'(z))^fc + C / {u-lfll{du)]E [ \Zs\d 
Note that the definition of ft implies 



(2.9) 



{u-\fVL[du)= / {u-\fV{du)+ / (e'' - l)^n(du) 



< 



2y ([-1, 0)) + n((-oo, -1]) + c / n(dM) 



which is finite since Y(du) is a finite measure and 11 is a Levy measure. 

Next, we show that E\^'^ \Zs\ ds] is finite. From Ito's isometry, Taylor's theorem and the estimate 
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E[\Zt\] 
<l + E[\Zt 

< 1 + + 4 ( *(1) + / {u- l)V{du) \ + Aa^E 



+ AE 



we get 








j <2 + 4a^E 


f \Zs\ds 







Z^{u~l)^ dsdrU{du) 



< 1 + 4z^ + 4 l'(l) + / {u^l)V{du)] t^ + 4:[a^+ (u-l)^n(du) 



E \ZJ\ ds. 



Hence, Gronwall's inequality implies that grows at most exponentially so that E[J^ \ Zs \ ds] 

is finite by Fubini's theorem. Now we can deduce from (|2.9p that m/ is a martingale and the first 



part of the proof is complete. 

Conversely, suppose the law of the process Z is a solution to the martingale problem {A, 6^)- By a 
standard stopping time argument to allow for the test-function /(z) = z, we have 

Zt = z+ f *(1) + / {u- l)V{du) 



[ sign{Zs) ds + Mt, t>0, 
Jo 



almost surely, for a square-integrable martingale M that we have to identify. Let C{ds, dz) be the 
optional random measure on [0, oo) x R defined by the jumps of Z: 

C{ds,dz) = ^ l{AZ,^o}^{s,AZs)ids,dz), 

where AZg = Zs — Z^^ is the jump of Z at time s. If C denotes the predictable compensator of 
C, then page 376 of [16 shows that 



Zt^z+ / {u-l)Vidu) 



f sigii{Z,)ds + M^ + Mf 
Jo 



(2.10) 



for a continuous martingale Af^ and 



z (C — C'){ds, dz). 



We now have to identify the martingales M'^ and M''. Applying Ito's formula to the semimartingale 
representation (|2.10p of Z yields 

f{Zt) = f{z)+(^yf{l) + J°^{u-l)V{du)^ f'{Zs)sign{Z,)ds+^J^ r{Z,)d[M^,M^] 

+ / {f{Zs + z) — f{Zs) — f'{Zg)z)) C' {ds, dz) + local martingale 
Jo 

for all / S C^(]R). We can assume without loss of generality that the local martingale is a 
martingale since otherwise the rest of the proof can be carried out via localization. Comparing with 
the martingale problem (A, 6z) from ()2.8p and using the uniqueness of the canonical decomposition 
for a semimartingale, we see that d[M^, M^] = a'^\Zs\ds and 



F{s,z)C'{ds,dz) = 



"'0 



F(s, \{r\z,\<i}Zs{u - 1)) dsdrli{du). 



for any non-negative Borel function F on [0, oo) x M. Then we can find a Brownian motion B and an 
independent Poisson point process M on ($1,5, {Qt)t>OT P) by applying martingale representation 
theorems to (|2.10p (see for instance [21] page 84 and page 93). □ 
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The construction of a solution to the martingale problem {A, S^) is achieved with a series of lemmas. 
To give a rough idea how to construct solutions let us reconsider the simplest special case 

dZt^sign{Zt)dt + 2^/\Zr\dBt, Zo^O, (2.11) 

and it's positive analogue 

dZt^ dt + 2^tdBt, Zo^O, (2.12) 

obtained for the absolute value. If is a Brownian motion, then we already noted that Z^^'' — 
sign{Wt)Wf is a weak solution to the SDE (|2.1ip and furthermore Z^^-* = is a weak solution 
to the SDE (|2.12l) . Of course, Z'^^^ and Z'-^^ have a straight forward connection: given Z^'^\ Z^^^ is 
obtained by reflecting every excursion at the origin with probability 1/2. 

An analogous procedure could be applied to construct symmetric solutions for the jump-type SDE 
(II. 7p since excursion theory for \Z\ exists i\Z\ is a positive self-similar Markov process). In the 
general case of the SDE (|1.7p solutions additionally jump over zero so that a direct modification 
of the refiection idea seems not to work. In what follows we give a stochastic calculus construction 
that mimics the reflection idea but is robust enough to encounter jumps that change signs. 



The notations of Theorem 11.41 and Proposition 12.41 will be used in the sequel without explicit 
repetitions. 

Lemma 2.5. Suppose m e N and that A^™ is a Poisson point process on (0, oo) x { — ^,^} 
independent of B and JV with intensity measure A4™'{ds,dv) — ds (E) S(df), where I]({^}) — 
n{-i:}) = f- V we define 

sign(o)(a:) = 1{:e>o} - 1{:e<o}, 
then there are unique strong solutions Z™ to the SDE 

Zt^ z + + J {u-l)V{du)^ sign(o)(Z,)ds + a^ VWTldBs 

+ (^^{1) + J°^{\u\ - l)V{du)^ ^ ^ l{z^,_=o}vM"'{ds,dv) (2.13) 



r Am 



Zs-{u-l){M -M'){ds,dr,du), t>0. 



Proof of Lemma \2.5\ Suppressing the jumps according to the point process Af and integrating out 
dr in the remaining compensator integral yields the SDE 

Zt = z+{ *(1) 



J {u-l)V{du)^ sign(o)(Z,)ds + f7^ ^Az7\dB, 

+ + y Vl - \)V{du)^ ll Mz^^=o}vM"\ds,dv) 

-[ (u-l)n(du)/" sign(Z,)(l Am|Z,|)ds, 

Jhia-i] Jo 

where we used -pr = sign(a;) for x ^ 0. Whenever a solution is bounded away from zero, pathwise 

\x\ 

uniqueness and strong existence holds due to the local Lipschitz property of the integrands away 
from zero. When the solution hits zero it remains until it jumps according to a jump of Ai"^. Since 
both jump integrals only jump with bounded rate, a strong solution of (|2.13p can be constructed 
piecewise via the interlacing method. 

This is a standard argument, so we omit the details and refer for instance to the proof of Proposition 
3.5 of Hi]. □ 
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The choice of the SDE (|2.13l) is motivated by the reflected excursion idea for a construction of 
solutions: whenever solutions are away from zero, they follow the original SDE (ll.7p . the "pseudo 
excursions" taking values in R*. At zero the pseudo excursions stop and after an exponential 
time a new pseudo excursion is started at a small initial state chosen symmetrically by A^™. The 
symmetric restarting is needed to construct a symmetric process; non-symmetric restarting might 
be used to construct skew-self-similar Markov processes. 

It is crucial to redflne the sign-function to be zero at zero since otherwise the constructed process 
is not a solution to p.l3|) . As m increases, the times between pseudo excursions and the new initial 
states tend to zero so that possible limiting processes leave zero continuously. 

The construction shows that, for all z and m, 



/•OO 

/ l{z^=o} ds = OO, a.s., 
Jo 



if the pseudo excursions hit zero in finite time. Hence, a priori it is possible that any limiting 
process Z is trapped at zero. To guarantee that Z is not such a trivial solution, under Condition 
()1.9p we are going to deduce 

/"OO 

l{z,=o} ds = 0, a.s. (2.14) 







In order to be able to verify (|2.14p . the constant in front of the stochastic integral with respect 
to A^™ turns out to be crucial. This might be surprising since in the limit m oo this integral 
vanishes without leaving a compensator term since it is a martingale. In order to show (|2.14p . we 
show in Lemma [2.81 below that the limiting absolute value \Z\ solves an SDE with constant drift. 
It is not clear a priori that the absolute value has constant drift since in (|2.13|) the drift is zero at 
zero. To ensure that the drift for the absolute value is constant (and not zero at zero) we use that 
the stochastic integral with respect to M"^ leaves in the absolute value the compensator integral 

(^^{l) + J\\u\ - l)V{du)^ l{^™.o} ds 

= (*(!)+ j {u-l)V{du)^ l^z^^o}ds+(^J°M~u)V{du?jJ^ l{z^=o}ds. 

The summands compensate the time spend at zero that is not taken into account by sign^Q^ for the 
drift and signj-g-j that appears as limit of ^ rn)Zg for the compensated integral with respect 
to TV. 

Lemma 2.6. Suppose Z"^ is as in Lemma \2.5\ then 
l^ri = 1^1 +(*(!) + f{u~l)V{du)y 

+ j\\u\ - u)V{du)^ 1^ (l{zr=o} + (1 A ™l^ri)) ds 



a /*sign(Zr)v^dS. 
Jo 



(2.15) 



+ ( ^(1) + y Vl - l)V{du)^ / /± 1 J Mz^i=o}\v\ (X" - M'^')ids,dv) 



7 Am 



\Z^_\(\u\ - l){J\f-Af'){ds,dr,du), t > 0, 
"'o -^[-i.i-^k] 



almost surely. 



Proof. Let us denote by ti < T2 < ... the jumps of the Poissonian integral driven by Ai"^ which are 
precisely the times when leaves zero. Further, Si < 52 < ... denote the successive first hitting 
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times of zero which do not accumulate since paths are cadlag and solutions only leave zero with a 

r ■ , *(i)+/°i(|«|-i)v(d«) ^7170^ \x ^,, 

jump oi size ± ^—^^ . li we denne ZhRO :~ [oi,ti) U [02, T2) U then 



= Vs e ZERO and 7^ Vs ^ ZSi?0. 



Consequently, |Z™| = for s E ZERO so that it suffices to apply Tanaka's formula to on 
ZERO''. Let us first show that the semimartingale local time at zero vanishes. The truncation by 
m implies that jumps are summable so that Corollary 3 on page 178 of [30] yields 




Using dominated convergence, the righthand side converges to zero since does not spend time 
at zero on ZERO''. Next, Tanaka's formula can be applied without additional local time term to 
deduce the semimartingale decomposition 



= |z| + *(!)+ / (u-1 



l)Vidu)^ sign(Zr) sign(o)(Zr) + <^ sign(Zr)/^dB. 



\Z^^\{\u\ - 1){JV -JV'){ds,dr,du) 



Z™ I M"'ids,dv) 



^0 
t 



+ / {lAm\Z^\)ds -u)n(du). 



-1:1- 
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Adding and subtracting the compensator integral for A4"^, we obtain as a drift 



+ {lAm\Z^\)ds {\u\ - u)U{du) 

Jo J[-l4-i] 

+ y" (7. - i)v{du)^ y Mz^m ds 

+ (u-l)V{du)] + ( [ {\u\-u)V{du) 



(lAm|Z™|)rfs / {\u\-u)U{du) 
(^^{1) + j ^)V{du)^ t+(^J ^{\u\ - u)V{du)^ y l{zr=o} ds 

1 A m|Z™|) ds [ {\u\ - u)n(du). 



Using the definition of 11 we can simphfy the final integral to 

/ _ fO _ /"^ 

{\u\ - u)U{du) = {\u\ ~ u)U{du) = {\u\-u)V{du) 
^_14_-L] J-1 J-1 

from which the claim follows. 

Next, we show that there are limits of the sequence Z™: 



□ 



Lemma 2.7. For any z G M the sequence (Z"')meN constructed in Lemma \2. 51 is tight in the 
Skorokhod topology on B. 

Proof. For the proof we apply Aldous's tightness criterion (see Aldous [1]). According to Aldous, 
to prove that {Z™ : m G N} is tight in B it is enough to show that 

(i) for every fixed t > 0, the set of random variables {ZJ^ : m G N} is tight, 

(ii) for every sequence of stopping times {Tm)rneN (with respect to the filtration {Gt)t>o) 
bounded above by T > and for every sequence of positive real numbers ((^m)mGN con- 
verging to 0, _|_^ — — in probability as m — )■ oo. 

To prove (i), by Markov's inequality it is enough to check that, for every fixed t>0, 

sup£;[(Z™)2] <oo. (2.16) 

iTiGN 

Using that {a + b + c + d + e)"^ < 5(a^ + 6^ + + + e^) for a, b, c,d,e€ R, we obtain that 
E[{Zl^f] can be bounded by 



5z2-)-5(^*(l) + J iu~l)V{du)^ E y sign(o)(Z™)ds 



fO \ 2 

+ 5( *(1)+ / {\u\ - l)V{du) \ E 



^{-^,^} 



^(t'^E 

l{z^^_=o}v{M"' - M""){ds,dv) 



Z™| dB, 

2 



+ f>E 



-1.1--L 



Z'^l{u^l){N -N'){ds,dr, du) 
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which, via Ito's isometry (for the Poissonian integral see for instance page 62 in Ikeda and Watanabe 
|21)). can be bounded from above by 

Ids 



5z2 + 5^*(l)+ J {u-l)V{du)j t^ + 5a^E \Z[ 



+ 5t *(1) + / {\u\ - l)V{du) 



+ 5E 



"'0 



T.{dv) 



{Z'PYiu-iy dsdrn{du) 







< 5z^ + 5 U'(l) + / {u~\)V{du)] + + I {\u\-l)V{du) 



' t 
m 



5cr2 + 5 j (u - 1)2 n(d7i) j j £;[|Z™|]ds 

so that the estimate < 1 + i?[(Z™)2] combined with Gronwall's inequahty yields the claim. 

Now we turn to (ii) proving the stronger statement that Z™ — Z™^ converges to in as 
m ^ CO. Namely, by the SDE (12.13^ and the splitting of summands as before, 



E 



< 4 + / {u^l)V{du) E 



+ 4( / {\u\ - l)V{du)^ E 



sig'n-^Q){ZT) ds 

T-m +S 



We 



AE 



{u -l){Af- Af'){ds, dr, du) 



l{z^^^o}viM'-Mnids,dv) 



The first summand can be estimated by CS^ and, hence, can be neglected. By Proposition 3.2.10 
in Karatzas and Shreve 1231 we obtain 



E 



VWldBs 



^ E 



\ZT\ds 



and, by Theorem II. 1.33 in Jacod and Shiryaev [22], the optimal stopping theorem, using the same 
arguments as in the proof of (3.2.22) in Karatzas and Shreve [23], yields 



E 



(m - 1) (A/" - A/"') (ds, dr, du) 



< E 



< E 



\ZT\ds 



1,1-^ 

1 



{Z^f{u-lfdsdrn{du) 



{u~ iyn{du). 



For the integral with respect to Ai a similar arguments gives the upper bound CsSm- In total this 
shows that (we can suppose that (5„i < 1), 



E[\ZZ+s,,^ ~ ZZ n < Ci6l + C2<5,„ + C3E 



\ZT\ds 



< Ci6l + C2Srn + C^SrnE 



sup \zr 

t<T+l 
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Hence, the proof is complete if we can show that E[supf.^rp^i is bounded in m. But this fol- 

lows easily with the same arguments exploited for (i) using the Burkholder-Davis-Gundy inequality 
instead of Ito's isometry. □ 

We next prepare for the convergence proof of along subsequences. It is crucial to deduce, a 
priori, that all limiting points do not spend time at zero in order to control the discontinuity of the 
sign-function at zero. Since we cannot deduce this property for the limiting points of Z™ directly, 
we show it for |Z™| which is substantially simpler. 

Lemma 2.8. Suppose Z denotes a limiting point of the tight sequence {Z"^)m<£N constructed in 
Lemma \2.5[ then \Z\ is a weak solution to the SDE 

Xt = z+('i>{l) + f {\u\-l)V{du))t + (j f ^/TsdEs 

) ^ . (2.17) 
+ / f'^ f Xs-{\u\-l){N -W){ds,dr,du). 



Proof. Let us suppose that along the subsequence nik we have weak convergence of Z™*" to Z and, 
due to the continuous mapping theorem, also weak convergence of \Z™''\ to \Z\. We first derive a 
martingale problem for |Z''"|,m S N, from which we then derive the claimed statement. 

Step A): Proceeding exactly as in Step 1) of the proof of Proposition l2.41 one derives from Lemma 
that \Z™\ solves the martingale problem with 

/ {u-l)V{du) 



+ -xf"{x) + 



+ (^j {\u\ - u)V{du)^ (l{,^o} + (1 A mx))^f'{x) 

j^^^^ l{.=o} + j\\u\ - l)V{du)^ \u\ 

/(O) - /'(O) {^{l) + f{\u\ - l)V{du)^ \u\^ ndv) 

l{r.<i}(fiHx) - fix) - fix)x{\u\ - 1)) drtlidu) 



X > 0, 
for / e C^[0,oo). 

Step B): Next, we show that the limit points \Z\ solve the martingale problem (5|z|), with 
{\A\f){x) := + lj\u\ - l)V{du)^ fix) + 

+ / / l{r.<i}( fi\u\x)- fix)- f'{x)x{\u\~l)) drtlidu), x>0, 

Jo J[-1A] ^ ' 

for / e C^[0, oo). By Skorokhod's representation theorem we may assume that Z™'^ converges to 
Z (resp. \Z™''\ to \Z\) almost surely in D (possibly on a difi'erent probability space and changing 
also the subsequence (mfc)fegN). By Proposition 3.5.2 of [TSl, the almost sure convergnece yields 
that Pin) ^ 1, where 

n :— luj ^n : hni |Z™'=(a;)| = for i > at which (Z„(aj))„>o is continuous > . 
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In what follows we let w G f2 be fixed and show that 

hm A|^™'=|/)(|Zn)Hds= A|^|/)(|Z,|)Hd5, t>0. (2.18) 
k^°°Jo Jo 

In Step Bl) we verify the pointwise convergence |)(w) {\A\f)i\Zs\)ioj) for 

s < t fixed and in Step B2) we verify the convergence of (I2.18P via dominated convergence. 
Let us introduce the notation 

D{uj) := {t > : {Zu{oj))u>() is continuous at t}, 

so that linifc_j.oo |^™'°(w)| — \Zt{uj)\ for all t E D{ijj) and furthermore [0,oo) \ D{lu) is at most 
countable since Z has cadlag paths. 

Step Bla): The pointwise convergence for the drift part is trivial. 

Step Bib): The pointwise convergence for the diffusive part is trivial. 

Step Blc): For the integral with respect to S we apply Taylor's formula to find 

- /(O) - /'(O) {^{l) + f{W\ l)V{du)^ \v\^ ndv) 
< i(^vl/(i) + J\\u\ - l)V{du)y snvfiz) \v\^ndv) 

2 V J-1 J 

so that pointwise convergence to zero for mk — ^ cxd is verified. 

Step Bid): For the integral with respect to ft we use that, for all s £ D{(^), the integrand 
(r, m) ^ l{„g[_i_i__L]}l{r|zr'=(c^)|<i} 

X [/(luii^rHi) - /(i^rHi) - - 1)] 

converges, as fc — ^ oo, pointwise to 

(r,u)K^l{|„l<i}lMz.M|<i}[/(k||^.MI)-/(|^sHI)-/'(|^.HI)|^.MI(|^|-l)]. 
step B2): Since 

hm (|^™'<|/)(l^rHI) - (|^|/)(|^.HI), u^en, 

is verified for any s < it remains to justify the change of limit and integration in (|2.18p . For the 
first threee summands dominated convergence is clear (in Step Blc) the upper bound is independent 
of s) and we only need to deal with the integral with respect to II: 
By Taylor expansion of second order, we can derive the upper bound 

SUpl„g{[_i,l_i]}lr^|2™fc(„)|<n 

f{\u\\zT'{u)\) - /(|zrH^)l)i{|u|>s.} - /'(zrM)l^rHI(l«l - 1) 

< Jl{|„|<i} sup |/"(z)| sup l{,|2r^'(-)l<i} (^)l'(l"l - 1)' 

< il{|„|<i} sup |/"(z)| sup (zT^iu,) A -] {\u\ - 1)2 

< il{|„|<i}Sup|/"(z)|supfsupZrnw)A-') {\u\~lf. 
^ z feeN \s<t r / 
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Note that for the final hne we used that x i— >■ sup^<j Xg is a continuous functional on the Skorokhod 
space so that the convergence of Z™'' implies supj.gpj sup^<j Z™* (w) =: Ct{uj) < oo. Thus, the 
integral with respect to ft in {A"^'' f){\Z'^'' {uj)\) is bounded from above by 

isup|/"(z)|^" (^CtHAi) dr j^{\u\-lfn{du) 
< Csup \r{z)\(^Ct{u:f + r-'dr^ {\u\ - 1)^ Ii{du), 

which is finite and independent of s. Using dominated convergence theorem we have convergence 
for the third summand of A™'' f . 

Step C): To conclude the proof let us write 

M^" = fiZr") - f ds, t > 0, 

Jo 

Mt^fiZt)- f \A\f{Zs)ds, t>0, 
Jo 

for which we know that the M™* are martingales with respect to the filtrations generated by Z™* . 
The martingale property of M with respect to its own filtration follows by Jacod and Shiryaev 
Corollary IX. 1.19]. To check the conditions of this result we have to show that M™*" converges 
weakly in D as fc — > oo to M and that there is some 6 > such that jAM™*"! < b for alH > 0, 
m S N, almost surely. Using that Z'"'= converges weakly in D to 2' as fc — > oo and that / is 
continuous and bounded, we have /(Z™*-) converges weakly in D to f{Z) as fc — ^ oo. Since the 
integral in the definition of M is continuous, by Jacod and Shiryaev ^21 Proposition VI. 1.23], we 
obtain that M™*" converges weakly in D as fc oo to M. Further, almost surely for all t > 0, 

\AMr\ = \fi\Zr\) - f{\ZrJ\)\ < 2sup|/(z)| < oo. 

z 

□ 



Corollary 2.9. Suppose Z denotes a limiting point of the tight sequence (Z"')meN constructed in 
Lemma \2.5l then Z almost surely does not spend time at zero. 



Proof. Utilizing Lemma 12.81 it is enough to show that any non- negative weak solution to the SDE 
(|2.17|) does not spend time at zero. Without further assumptions on the jump measure n the jumps 
of a solution X to the SDE (12.171) are not summable, thus, we cannot directly resort to a simple 
local time argument based on the occupation time formula (compare for instance Section IV. 6 of 
[50]). Instead, we use an Ito formula argument that was used in a more specific situation in [i]. 
The argument is based on the trivial fact ^ Xf = Xt and a double use of Ito's formula, once 
applied to a smooth function and once to a singular function. The singular use gives an additional 
term from which the claim follows. Here is the simple direction applying Ito's formula to the 
C2([0,oo))-function f{x) = x^: 

Xf = z^+(^2 ^*(1) + J {\u\ - l)V{du)J +'^^ + J ("^ - 2|u| + 1) Il{du)j X, ds 

+ 2(7 / X^/^dBs+ [ Z'"''" / X^_{u^ -l){J\f^J\f')(ds,dr,du), t>0. 
Jo Jo Jo J-1 
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Next, we proceed with the inverse direction. Suppose we could apply Ito's formula with f{x) = -^x 
and the convention ^ = Q to the semimartingale decomposition derived for Xf, then 



Xt = z 



(2.19) 



Xs-{\u\^l){Af -JV'){ds,dr,du), t>0, 



so that comparing the drifts of p.l9p and (|2.17p implies the claim. To verify Equation (|2.19p 
rigorously, we approximate f{x) = ^fx on [0,oo) by the C^([0, oo))-functions = ^/x + e. 

Applying Ito's formula to the semimartingale decomposition derived for X^ gives 



Xt+s 



= ^Jz^+e+ + j\\u\^l)V{du)^ j\u^ - 2\u\ + l)U{du)^^ j\x^ + e)--^ 

+ <^j\x^ + e)-^x!/' dB, - ^ j\xl + e)-ixl ds 
+ Jj' J + £ - ^^s- + ff) (-^ - AA')(ds, dr, du) 

t 1 

+ jj' j ( V^|?i2 +e- ^Xl + e - h^Xl + £)-i/2x2(u2 - i)) ds drXV[du) 



ds 



j1,e . jZ.e . T4,e 



Since the left-hand side converges to Xt almost surely, it suffices to find a subsequence Sk along 
which the summands I^'^'' , 1^'^'° converge almost surely to the summands of (|2.19l) . 
For the drift we directly obtain the almost sure convergence 



l.e e^P 



^(1)+/ (\u\-l)Vidu)]+^ + ^ I {u^-2\u\ + l)nidu) 



ds 



by dominated convergence. To show convergence of / we first use Ito's isometry to obtain 



E 



r2.E 



t \ 2- 

\fx'sdB, 



[\{Xl + e)-'^Xl'^^Xl/'Yds 
Ja 



(2.20) 



If we define ge{x) = ((a;^ + e) ^^x^/"^ — x^^^)^, then 

^g^[x) = -i[x^ + e)-^s3/2 _ ^1/2) (^2 ^ £)-3/2^3/2 > ^ > 

0£ 

Since ge{x) converges pointwise to zero as e tends to zero, the righthand side of (|2.20p converges 
to zero by monotone convergence so that I^'^ converges to a \J Xs dBg in L^. The almost sure 
convergence 

.r2 pt 



l{x,>o} ds 



is proved as in Step 1) and cancels in the limit the second summand of / To show convergence 



of if''^ we use the Ito isometry for Poissonian integrals to find 



E 

= E 



^0 



1 \ 2- 

Xs-{\u\ - 1){U -N'){ds,dr,du) 



/* j\^^[Vxf^^~VxT+~£^X.,{\u\-l)f dsn 



{du) 
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With hg{x) = j(Va;^u^ + £ — V + e — x{\u\ — 1))^ we claim that 

^he{x) = --(Vx^u^+e - Vx^+e - x{\u\ - 1)) ({x'^u^ + sY^I'^ - (x? + er^l"^) < 
oe X 

for all a; > and |u| < 1. To see the claim note that the second bracket is clearly positive so 

that it suffices to show that the first bracket is positive. For e = the first bracket is zero and 

it is easy to see that the first derivative in e is positive. Hence, the L -convergence of if'' to 
1 

/o /o '^^ /-I -^'i- ^ 1)(-^ ^ M'){ds, dr, du) follows again from monotone convergence. 
Finally, if we rewrite as 

It ' = f f ,/XfTt) dsli{du) 

«/ " — 1 s 

C \{Xl+e)-^'^Xs{u'~-\)dsn{du), 

then the first sumniand converges by monotone convergence shown as above and the second sum- 
mand by dominated convergence: 

^ / ^ - ^ - - l))n(d7.) ^ l{x^>o} ds, a.s., 
so that the third summand of 1^'^ is cancelled in the limit. 

Choosing a common subsequence such that all terms converge almost surely the proof can be 
completed. □ 



With the previous lemma we know that under condition (jl.9p solutions do not become trivial 
(trapped at zero). Additionally we can circumvent two major problems of the construction: First, 
the problem of the discontinuity of the sign-function at zero is resolved. Secondly, our redefinition 
of sign^o) in the approximating equations to ensure symmetry of the approximating sequence does 
not pose any problem since it is not seen by the limiting process Z . 

Lemma 2.10. Suppose Z denotes a limiting point of the tight sequence {Z"^)mi£N constructed in 
Lemma\2.5l then Z is a weak solution to (11.71). 



Proof. Taking into account Proposition 12.41 it suffices to show that any weak limiting point Z of 
the tight sequence (Z™)meN constructed in Lemma [2.51 satisfies the martingale problem {A,6z)- 
The proof follows along the same lines as the proof of Lemma 12.81 changing the state-space from 

[0, cx)) to R and the generators to 



(^"7)(:^) 

+ Jju - l)V{du)^ sign(o)(a:)/'(x) -t- y 



1{2;=0} 



/( (*(!)+ l\\u\-l)V{du)]v 



-./(0)-/'(0)hE'(l)+ / {\u\-l)Vidu)\v 







S(dw) 



1W.|<1}(/M - fix) - f'ix)x{u - 1)) drliidu), f e Cr((-oo,cx))), 
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and 

(^/)(^) 



:= (^*(1) + l"^{u - l)V{du)^ sign{x)f{x) + y 

^{r\.\<i}{fiux) ~ fix) - f'{x)x{u - 1)) drtlidu), f e ((-oo, oo)). 



1{ 

Comparing with the proof of Lemma 12.81 the ony difference occurs in Step Bla) because the 
pointwise convergence for the drift coefficients fails since (i) the sign-function is defined differently 
for the approximating martingale problem and the limit martingale problem and (ii) both sign- 
functions are discontinuous. Both problems are avoidable via Corollary 12.91 applied for the final 
step of 

t 



t 

SIS 



m^oo 4 ''§''(0) (^"("')) ^ mTooX ''^Sn(o) (^s" (^)) (-)#0} ds 

sign(o) (^sH)l{z4^)#o} ds 
sign (Zs(a;))l{2^(^)^o} ds 
3ign (Zs{uj)) ds. 





t 

sig 





For the pointwise convergence of the integrands we used the continuity of the sign-function away 
from zero and dominated convergence to interchange limits and integration. The proof is now 
complete. □ 



Now that we have constructed processes started from € R that are weak solutions to (|1.7p 
and symmetric by construction, we need to show that the family (Z^)zgR is 

(i) Markovian, 

(ii) self-similar. 

Both statements are derived from a weak uniqueness statement for (jl.7p for which we had to impose 
Assumption (A). 

For initial condition zero, we derive moment equations for ()1.7|) from which, due to Assumption (A), 
the well-posedness of the moment problem for one-dimensional marginals of symmetric solutions 
can be deduced. For initial conditions different from zero pathwise uniqueness before hitting zero 
holds. Combining the two uniqueness statements, uniqueness for one-dimensional marginals of 
solutions issued from the same initial condition follows. The Markov property is then a consequence 
of martingale problem theory and the self-similarity can be deduced from the self-similar structure 
of the coefficients in (11.71). 



Proposition 2.11. Denote by Z a limiting point of the tight sequence (Z™)mGN with initial con- 
ditions Z™ — z constructed in Lemma \2.5[ then Z is Markovian. 

Proof. Since we showed that Z is a weak solution to the SDK (jl.7l) we start with a weak uniqueness 
statement for solutions to the SDE (|1.7p that satisfies the symmetry property 



PiXTo+t e A) = PiXT„+t e -A), t>0,Ae 6(R), (2.21) 

and do not spend time at zero. Both properties hold for Z: the first by construction as weak limit 
of the symmetric Z™ defined by (j2.13p . the latter by Corollarv 12.91 

Step la): Let us first deduce the almost sure dichotomy Tq < oo or Tq ^ oo for the first hitting 
time of zero. A singular application of Ito's formula as in the proof of Corollary 12.91 yields the 
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semimartingale decomposition 

\Xt\ = \z\+('f{l)+ [\\u\-l)V{du)\t 



a sign{Xs)^A^\dB,+ / ' / \X, ^\{\u\ ~ ~ M')ids,dr,du) 



(2.22) 



for t > 0. Replacing B by the Brownian motion Bt — sign{Xs)dBs, we find that (|2.22[) coincides 
with (|2.2p so that \X\ is a positive self-similar Markov process. Since the first hitting times of X 
and \X\ coincide, the claimed dichotomy follows from Lamperti's dichotomy (Section 3 of [ST) for 
positive self-similar Markov processes. 

Step lb): Pathwise uniqueness holds for (|1.7p up to first hitting zero: Suppose that X^,X^ are 
two solutions driven by the same noises B and J\f and set Tj. = inf{i > : \Xf \ < i or \Xf \ < -} 
for i < Then, 

P{Xl = Xf for alH < Ti ) = 1 

since all integrands are locally Lipschitz continuous away from zero. Letting n tend to infinity and 
using the right-continuity of solutions we find that 

P{Xl = Xf for ah i < To) = 1 

and in particular that 

To = M{t > : X^ = 0} = M{t > : Xf ^ 0}. 

In what follows we assume Tq < oo almost surely; otherwise, we can directly proceed with Step 2) 
since pathwise uniqueness implies uniqueness in law. 

Step Ic): The pathwise uniqueness implies that solutions to (jl.7l) are strong up to Tq and, con- 
sequently. To is a stopping time for B and A/". We denote by B and N the noises shifted by Tq. 
Due to the strong Markov property of the Brownian motion and the Poisson point process i? is a 
Brownian motion and Af a Poisson point process with same intensity as Af. Furthermore, we define 
the shifted process {Xt — XTo+t)t>o that satisfies weakly the SDE 

Xt^(-^{1)+ f {u-l)V{du)] [ sign{X,)ds + a f J\^\dB, 

^ ^ ^° (2.23) 

y" Xs-{u-l){M -M'){ds,dr,du), t>0. 

In other words, X is a weak solution to the SDE (|1.7|) with respect to the noises B and N issued 
from zero. Furthermore, the symmetry condition (|2.2ip implies the symmetry condition 

P{Xt &A) = P{Xt G -A), t>Q,Ae S(R), (2.24) 

and clearly X does not spend time at zero since X does not. 

Step Id): Next, we need that all solutions to the SDE (|2.23l) that do not spend time at zero and 
satisfy the symmetry condition (|2.24p have the same one-dimensional marginals. The symmetry 
assumption implies that the one-dimensional laws Xt are uniquely determined by \Xt\. Since \Xt\ 
satisfies the SDE (|2.22p with the noises B and M it suffices to show that the moment problem for 
(|2.22p is well-posed; this follows from the main result of [3 since the jumps of 

f /"'■^°"' f \Xs-\{\u\~-l){Af -Af'){ds,dr,du) 
Jo Jo J-l 

are negative (this is the reason for our Assumption (A)). It was shown in [3] that the kth moments 
equal Ckt'^ for some constants Ck that decrease sufficiently fast so that the moment problem is 
well-posed. Furthermore, the Ck only depend on {a,a^,Il,q,V) but not on the solution, thus, 
well-posedness of the moment problem implies the uniqueness of one-dimensional marginals. 
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Step le): Let us now suppose and X'^ are two weak solutions to (|1.7p that do not spend time 
at zero and both satisfy the symmetry condition (|2.2ip . We spht according to 

P{Xl e A) = P{Xl eA,t<T^) + P{Xl £A,t>^) 

and show that 

P{X} eA,t<T^) = P{Xf eA,t< T^), (2.25) 

P{X} eA,t>T^)^ P{Xf eA,t> Tg). (2.26) 

Equahty (|2.25p foUows from the pathwise uniqueness before hitting zero so that we only need to 
verify (j2.26p . Using the defining equation for the X^ and the definition of X* above, one can rewrite 

P{Xl &A,t>T^) = P{Xl_T^ e A , i > To*). 

Integrating out P{T^ £ ds) (note that P{T^ £ ds) = P{Tq E ds) have same law as shown in Step 
lb)) we obtain ((2:26)) from Step Id) since = 0. 

Step 2): The uniqueness of one-dimensional marginals for weak solutions to (jl.7p that spend zero 
time at zero and satisfy the symmetry condition (j2.24l) now implies the Markov property for the 
weak solution Z by martingale problem arguments such as in the proof of Theorem 4.4.2 of |18] . 
The required measurability 2 i— is a consequence of the construction: the measurability (even 
continuity) in the initial condition holds for the Z"^ and since the pointwise limit of measurable 
functions remains measurable, the measurability for the limit follows. 

□ 

Proposition 2.12. Denote by Z^- a limiting point of the tight sequence {Z"^)meN with initial 
conditions z £ M. constructed in Lemma \2.5\ Then the family {Z'^)zeK is a real-valued self-similar 
Markov family with Lamperti-Kiu quintuple (a, cr^, H, q, 1/). 

Proof. For c> fixed we define := \Z^^^, t > 0. Since Z is a weak solution to (|1.7p , Z^ satisfies 

Z^ = --^ f *(!) + f {u- l)V{du)] - [ Bign{Zl) ds + - ( VWldBs 
c \ J-i J c Jo c Jo 

Zl_{u~l){Af - Af'){ds,dr,du), t>0, 



2 l-Ct l-T-^ 1-1 



C Jo Jo J-1 

almost surely. By Revuz and Yor 31, Proposition V.1.5] we have the almost sure identity 
-/ ^/\Zf\dB,^a f ^c'^Z^,\d{c-^/^B,s), t>0. 

c Jo JO 

Next, we use the analogue almost sure identity 



ZI_{u-l){J\f -J\f'){ds, dr, du) 
-1 

1 



Zl^,)_{u - 1){U - U'){cds,c-^dr,du), t > 0. 

^0 J -1 

Motivated by the above two identities, we define the Wiener process Bt :— -^Bd, t > 0, and 
the independent Poisson random measures A/" on (0,oo) x (0,oo) x [—1,1] by N{ds,dr,du) :— 
Af{cds, c~^dr, du). It follows directly from the definition of a Poisson random measure that A/" is a 
Poisson random measure with the same intensity measure as Af. With these definitions, the above 
calculation leads to 

Zt + + / " ^Widu)^ sign(Z,") ds + aj^ \f\^\dBs 

+ / [^^^'^ [ ZI_{u^l){U-U'){ds,dr,du), t > 0. 
Jo Jo J -I 
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Hence, Z^l'^ and satisfies the SDE (|1.7I) with initial condition zjc and both do not spend 
time at zero and satisfies the symmetry condition (|2.2ip . But then the identity of one-dimensional 
marginals holds due to Step le) of the proof of Proposition 12.111 Finally, the Markov property 
proved in Proposition 12.111 implies the identification of the finite-dimensional marginals and the 
self-similarity is proved. 

The statement about the Lamperti-Kiu quintuple is a direct consequence of the construction of Z^ 
via the SDE (|1.7I) and the definition of Lamperti-Kiu quintuples. □ 

2.3. Proof of Theorem II. 4L Let us start with a simple reformulation of the Condition ()1.4[) in 
a restrictive setting: 

Lemma 2.13. Suppose {P^)z>a is a positive self-similar Markov process that only jumps towards 
the origin. Then there is a unique self-similar extension {P^)z>a of {P^)z>o under which the 
canonical process leaves zero continuously precisely i/5'(l) > 0. 

Proof. The spectrally negative assumption implies (for instance by the Levy-Khintchin represen- 
tation) that Vf'(A) = \ogE[e^^^] < oo for all A > 0. Note furthermore that, if well-defined, the 
Laplace exponent A i— > 5* (A) is a convex function on R>o. 

First, suppose drifts to — oo, so that the existence of the claimed extension is equivalent to (II. 4p . 
Since the right-derivative ^''(0) equals < 0, there is some s > such that \I'(s) < 0. Thus, 

the convexity of A i-> ^'(A) implies that (|1.4p is equivalent to ^'(1) > 0. 

Next, suppose ^ does not drift to — oo. Then the existence of the claimed extension is equivalent 
to (jl.Sp which is trivially fulfilled since all overshoots are zero because all jumps are negative. At 
the same time the convexity of and ^''(0) ~ E[£,i] > imply ^'(A) > for any A > 0. Hence, the 
claimed equivalence is trivial in this latter case. □ 

To find a necessary condition for M*-valued self-similar Markov processes to have an extension that 
leaves zero continuously we want to apply Condition (11.41) for a suitably derived positive self-similar 
Markov process. Since we are only interested in symmetric self-similar processes the suitable choice 
is the absolute value. 

Lemma 2.14. Suppose (P^)2gK is a symmetric -valued self-similar Markov process with Lamperti- 
Kiu quintuple {a,a^,Il,q,V) that satisfies Assumption (A) and define {\P\^)z>o o,s the law of \Z\ 
under {P'')zm- 

(a) (|P|^)z>o a positive self-similar Markov process. 

(b) The Lamperti-transformed Levy process i}^^ of {\P\^)z>o satisfies 



Proof, (a) The Markov property for (|P|^)z>o is inherited from {P^)zes. due to the symmetry 
assumption. The self-similarity carries over trivially. 

(b) To determine ^''^'(l) we use Proposition 12.11 twice. First recall from Proposition 11.21 that P^ 
can be expressed as 




where \1/ is the Laplace exponent of the Levy process ^ with triplet (a, ct^,H) killed at rate 




L 



L 



1 



+ 



Zs 



N'){ds,dr,du), t<To. 
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Taking absolute values as in the proof of Corollary 12.91 we find that |P|^ is given by 

J {\u\-l)V{du)^t + a ^/\z7\dBs 

\Zs-\i\u\ - - M'){ds,dr,du), t<To, 



with the Brownian motion Bt :— /g sign(Zs) dBg- Equivalently, we can write 
\Zt\ = (^(\) + / (\u\ ~ \)V(du)\ t + <j [ ^/\z7\dBs 



(2.27) 



\Zs-\{u- - W){ds,dr,du), t < To, 



where has intensity ds dr (g) (U{du) + V{—du)^ on (0, oo) x (0, oo) x (0, 1). Comparing with 
(|2.2p we can read off the Levy triplet for ^'^1 and in particular the Laplace exponent evaluated at 
1. □ 

We can now finish the proof of our main result. 



Proof of Theorem \1.4\ Recall from Proposition ll.2l that the R*-valued self-similar symmetric Markov 
families obtained from real- valued self-similar Markov families by absorption at zero are completely 
characterized by Lamperti-Kiu quintuples (a, tr^, H, q, V). 

To see that Condition (|1.9p is necessary we apply Lemmas 12.131 and 12.141 Suppose {P^)zm is 
a real-valued self-similar Markov process that leaves zero continuously. Then the Markov family 
(|P^|^)z>o obtained by absorption at zero is a positive self-similar Markov family with a self-similar 
extension that leaves zero continuously. The Laplace exponent of the Lampcrti transformed Levy 
process satisfies 

^l^'l(l) = *(1)+ / {\u\-l)V{du) 



which, as we showed in Lemma 12.131 has to be strictly positive. 

Conversely, if Condition ()1.9p is satisfied for a given quintuple (a, cr^, H, q, V), then by Proposition 
12.121 we constructed in Section 12.21 a real- valued self-similar Markov process with Lamperti-Kiu 
triplet {a,a^,Il,q,V). Furthermore, the solutions leave zero continuously since the integrand 
of the Poissonian integral is zero at zero. □ 
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